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Some of the series resulting from quantum field theory are known to be summable
by Padé approximants. As a test of the feasibility of generating such series by numerically
calculating the Feynman graphs in each order, we have calculated sixth order graphs
for nucleon—nucleon scattering with pseudoscalar pion exchange. Graphs with a Ag*
interaction of the pions are also calculated. We find that a modification of the Monte
Carlo technique is essential to obtain accuracy, and that certain variable transformations
are necessary to eliminate integrable boundary singularities which remain after re-
normalization. A brief discussion of the physical significance of the magnitude of the
sixth-order terms is included.

I. INTRODUCTION

Padé approximants have been useful in summing the series arising in statistical
physics [1]and in obtaining useful information concerning, for example, the nature
of the singularity at the Curie temperature predicted by the Ising and Heisenberg
models. It is not definitely known that the series resulting from quantum field
theory are similarly summable, although much progress has been made in closely
analogous problems [3] or even problems of more obvious relevance [4].

What one would like to do is calculate the perturbation series for (say) nucleon-
nucleon scattering to high order and form the Padé approximants to test whether
or not they converge. In statistical physics, such a test was possible a long time
ago because the formidable task of calculating the series was completed before
the use of the Padé approximant was common in physics [1]. In quantum field
theory, some calculations of pion-pion scattering have proceeded through a
sufficiently high order so that at least the first two Padé approximants in what
should be an infinite sequence can be formed [5]. For nucleon-nucleon scattering,
only the first has been calculated [6], but due to anomalous threshold dependences
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of some of the amplitudes, not much could be expected of the first Padé approxi-
mant anyhow.

We are led, therefore, to study the feasibility of higher order calculations in the
nucleon-nucleon problem. Since it has been found that a A¢? interaction can
reproduce the p-resonance [7], this interaction will be included with the usual
Py, WPo interaction. The p is commonly used in one boson exchange models.
The graphs arising from the Ag? interaction which are made finite by renormaliza-
tion have integrable singularities (remnants of their divergent character before
renormalization) on the boundaries of the region over which the Feynman variables
are integrated. One purpose of the work is to study how these integrable singu-
larities are best handled.

The magnitudes of the sixth-order terms are of some interest for more con-
ventional views of the utility of quantum field theory (the view that the series
must converge to be useful). This view is that the series might be useful for higher
angular momenta, or might be useful if various partial summations or certain
types of graphs were effected somehow. We comment briefly on the results from
this more conventional point of view in Section V, but we wish to emphasize
that our own is quite different and that our purpose in the present work is to
establish techniques and feasibility rather than to obtain specific results.

It is to be hoped that someday it will be possible to do the tedious Dirac algebra
and the other algebra involved in these calculations on computing machines [8].
Our results should provide useful checks of automated calculations, and we expect
that such checks are the most valuable aspect of the present work.

II. METHODS

A. Preliminary considerations

The interaction for this calculation is taken as
H; = i(dm) 2 gPyc¥ - @ + 4n)(e - @), ¢y

where the Dirac equation is (iy - p + m) u(p) = 0. The conventions used are
h=c=1,gt~14,au=1, vy, + y,y. = 28,,, and y;> = 1. The resulting set
of graphs to be considered is shown in Fig. 1. Graphs which require the usual
vertex and self-energy renormalization have been ignored on the strength of a
fourth-order calculation which indicates that they are small [13].

The graphs have such diverse characteristics that it is found that a variety of
methods is required to evaluate them. However, with the exception of the ladder
graph (Fig. 1(e)), the basic method is the same. We express the amplitudes first
in the usual form as integrals over the internal momenta and then convert these
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570 GAMMEL AND WORTMAN

to multiple integrals over Feynman parameters using Chisholm’s methods [14].
These methods provide the usual means of combining denominators and trading
the momenta integrals for integrals over Feynman parameters while dealing
with the spin complications in a straightforward way.

FiGg. 1. Perturbation theory graphs which will be considered.

The chief difficulties resulting from this procedure are the need for reducing
the resulting spinors to combinations of the standard five NN amplitudes and the
necessity of carrying out resulting multiple integrals, some of which contain
singular integrands. The second difficulty is the more serious.

B. Chisholm method

The Chisholm method [14] is carried out by writing the nucleon propagators as

i iy (p+tk)—m i [—m—z-ifw 0] 1
@mt (p+kPF+m* — 2n) 2 plw d(ptkPto
i 1
=y (P GER T ®

Here o is to be set to the proper m? after the operation denoted by F is performed.
Thus the amplitude becomes that of the corresponding scalar case except for the
operations F that remain to be carried out.

The propagators for the internal lines can be combined in the usual way by
noting that

[mas -+ Gpia]™
1 %y Pn—1
=n!| dx dx, - dx,
Jodu |, dx ],
X [a(l — %) + ax(x; — X5) 4+ + @u(Xny — Xn) + GV (3)
Therefore the integrals are reduced to the form

[ dx; | dtey -+ dtil @Gk sy v, X, @
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where [ is the number of internal momenta and r is the number of internal lines
in the graph. The quantity Q is at most quadratic in the momenta and can be
written [omitting dots which indicate scalar products in Egs. (5)-(9)]

Q = A kk; + 22 Bk, + C. (%)

By an appropriate orthogonal transformation and translation in k; ‘- k; space,
@ can be transformed to

Q =24k + C. (6)
The momenta integrals can be explicitly evaluated, giving

— 20— 1)! Ar-u-

. . (r
[ a0k, ko ) = Gnt) T @)
Here A and y are the determinants
Ay Ay - Ay
A = A:21 A:22 Tt A:zl , (8)
A'u Ap - Ay
and
A.n A-12 T A.u 1'_}1
| : oo 9
X Ay 4 - Ay B ( )
Bl B2 c Bl C

Now A is independent of the external momenta p so that the F operators will
affect only x. Chisholm [14] has investigated the result of a series of F’s operating
on x~" and the result is conveniently expressed in terms of quantities £2; and £;; .
If one assigns a momentum P? + K; to the i-th internal line, then P? will be some
linear combination of the external momenta, perhaps zero, and K will be some
linear combination of the internal momenta k, . If P? for some nucleon line is
zero, then a fictitious P¢ is assigned to be set to zero after the F operations are
performed. The coefficient of (P? 4 K;)* + o, in Q will be denoted by C; . Finally
defining 0,; as the coefficient of k; in K; , which may be +1, or 0, ,; is

Apn Ay v Ay O

0 1 A.21 A.zz s Ay 82'2
=5 1 : I (10)

24 Ay Ap - Ay O

On O - 95 Sij/Ci
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and

Q4+ m=24Y Q,Ciiy - P’. (11)
J

Prior to carrying out the F operations, the numerator will be some combination
of F’s and y matrices such as

yysFrysFaysiitsysFsysFaysus[x ] (12)
The result of the F; operations is a “basic term”

Uyys8yysS2ay sy sQyysQaysualx 1, (13)
plus terms found by substituting v, for all possible pairs of £2; while noting the
effect of the derivative in F. This gives, for example,

UrYsYuYsYuYsthilays85ysQ2aysus Qe ~" 1 /(r — D] (14)

There will be six such terms. Additional terms are found by substituting two pairs
of v,’s for the 2; which gives, for example,

UrYsYuYsYuYsthilsysyyYsy,Ysual1oQa[x =2 /(r — 2)(r — 1)]. (15)

There will be three such terms.

By this procedure one obtains a numerator which is a sum of terms which are
combinations of spinors, y-matrices, and Feynman parameters. This must be
written as combinations of the five NN scattering amplitudes as

F = A\[iyuyi5u,)
+ Asfityusitoiy - pyuy + Uyiy - pathyitatiy)
+ Aslityiy © paisly + prs]
+ Agihy.nitgy,ie)
+ Asliyysusitsysus]. (16)

The external momenta are labeled as shown in Fig. 2 and the spinors have the
arguments #y(p1'), uy(p1), #a(py’), and us(py).

FiG. 2. Definition of external momenta.
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In general, other combinations of spinors will occur but they can always be
reduced to the form of (16) plus other terms whose coefficients will vanish due
to time-reversal invariance (TRI). This last condition serves as a useful check
on the calculation.

C. Example calculation

As an example of this procedure consider the graph of Fig. 3. The choice of
momenta k, and k, is somewhat arbitrary and the associated combinations of the
external momenta P? are given in Table 1. In terms of the contribution to the
S-matrix, the invariant amplitude F is

S = 1 + iQ2a)* 8(Zp; — Zp;) NyN,N,N,F, an

2 1 !
+ k, +P
4l kP 3 il
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\ /
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Fic. 3. A sixth-order graph.

TABLE I
Parameters associated with the graph in the example calculation

i 1 2 3 4 5 6
C; 1—x Xg Xy — X3 X5 — Xg X, — X Xy — X5
O 0 1 —1 —1 0 —1
Oia 1 0 1 0 -1 0
Pt 0 0 §24 D1+ ps § 2% P1

where N; = ((1/(27)3) m,/E;)*/2. Therefore for the graph of Fig. 3,
F = (g2 o9 [ d¥eidhesiysliy - by — m]

X ysliy - ky — m] yau([ks® + m?llk,® + m*])™ (13)

> ayysliy - (ps' + ky — ki) — m] ysliy - (p1 + P2 — ki) — m] ysu,
[(Pl' — ko)? + 2Py’ — k1 + ko) + mEll(ky — Ky)? + pl] ] )
[(p1 — k)? + p2l(p1 + po — k)? + m?]
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Combining the denominators as in (3) and associating the factors (x, — x,,1)
with each denominator, the results of Table I are found.
The combined denominator designated by Q is then

0 = k[xo] + k21 — x4] + 2k - ko[xq — x,]
+ 2k [— (x5 — Xe)(p1 + p2) — (x4 — X5) pr — (X2 — X3) p2']
+ 2ky - [(x2 — X5) po’ — (31 — x2) pi'] (19
+ mPxg + (X5 — xg)(m* — 8) + (x4 — X)W — m*) + (x5 — x,) p?
+ (o — x)(p? — m®) + (1 — x)) m?
= Ay k% + Agoks* + 2410k, kg + 2By - ky 4 2By - ky, - C.

To form y, the quantities B; - B; are required and the needed results are

By - By = — m?[(xy — xg)* + (X5 — Xg)* + (X2 — X3)?]
+ (x5 — Xg)(x5 — x5)(2m* — 5)
+ (g — Xg)(xz — X3)(u — 2m?) + (x5 — Xg)(xa — X3)( — 2m?),

B, - By = — m?[(xp — Xx3)* + (X3 — Xp)*] — (x5 — X3)(3y — Xx2)(2m?® — 5),
and (20)
By - By = — $(xq — Xe)(x2 — X3)(u — 2m?) + $(x4 — Xe)(xy — X}t — 2m?)

— 3(xy — x3)(x5 — Xg)(t — 2m?) + 3(x5 — Xg)(x1 — X)) (u — 2m?)

+ mP(xy — X5)* + 4(x; — x)(xp — X5)(2m* — 5).
The usual invariants s, ¢, and u are used and they are defined by

s = —(p1 + P4
t=—(pp—p) (21)
and

u= —(py — p)>

Note that s + ¢ + u = 4m?.
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At this point the k; integrations may be carried out in accordance with (7)
and the numerator found by (13)—~(15). The result is

F= —71;(;;2)3 szxl jo dxz.--f:“dxeA

X Ay ys [$0] vs [Qo) uy @ 75 [Q5] v5 [£24] 5 1 x?
+ Yo S 2, Yu Qy x2
+ Yu 2, Yu 2, Lo X722
+ Yo o Yu 2, Q, Q. x72
+ 2, Yu 2, Yu 2 X2
+ 2 v Yu 2, Q5 x72
+ 2, 9 Yu o Vu 2 x7Y2
+ Yo o Ve Yo Y Q1 250 x72
+ Yu Vv Yu Vv Q13 2,y 7112
+ Yu Ve Yoo Vu Qi Qo3 x7Y23. (22)

The £2;; are defined by (10), and using (11), one finds

Q, = 2/1{[21-36'31')/ ps + QuCyiy - (py + p2) + L245Csiy * pi’ + L4Coly - pi}-
(23)
D. Reduction to proper Amplitudes

One remaining task is that of reducing the expressions in (22) to combinations
of the five NN amplitudes. The operations required for the reduction of these
expressions are quite tedious but they are straightforward. Expressions of the form

ilyys$1ys eyt » (24
can be readily reduced to
iyys[Aiy - ps + Bl uy, (25)

by use of the properties of the y-matrices and the Dirac equation. Combinations
of the type

Uy Y5y s$2ay sthilaysy.ysQaysis (26)
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require more care. This can be written as

ACysyu)ysyvaiy - p1)
+ B(ysyuly - p2)(Ysy.)
+ Clysyuty = p)ysyuly - p1)
+ D(ysyu)ysy.)
+ E(ys)(ys)
+ Flysiy « (p2 + PN ys)
+ G(ys)(ysiy = (p1 + p1))- 27

This is still not the desired form (16), so that further reduction is required. As
discussed by Amati, Leader, and Vitale [15], the coefficients F and G must ulti-
mately vanish due to TRI. Typically they are not zero at this point but vanish
only after the integrations over x; are carried out. However one can verify the
TRI properties without the uncertainty of numerical integration. This is done by
assigning the parameters (x,” — x;,;) to the lines of the graph in such a way that
on the time-reversed graph, the parameter (x;” — x;,,) corresponds to the param-
eter x; — x;; on the analogous line of the original graph. This, of course, amounts
to another choice of assignments of the parameters to the lines of the graph. An
example is shown in Fig. 4.

>
§ |
bed
NG

X|7Xp

===~
i
>,

X3 X3
Fic. 4. Method for time-reversal-invariance check.

Using this example, one can proceed with the TRI check by evaluating the
coefficients 4 through G with an arbitrary set of x,, then solving for a new set
of x;’ defined by

’

X — X =X — X,
X3 = X3,
Xy — Xy =1—x, (28)
and

1 —x' =x3— x3.
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The resulting set of values for x;” is then used in place of the x, to again evaluate
A-G. The result is that the values of the proper amplitudes are unchanged while
those which are not TRI change sign. Since the Jacobian of (28) is unity, the result
is that such terms as those with coefficients F and G can be ignored after the check.

Other terms of (27) contain a y, between each pair of spinors and a convenient
way of reducing such terms to the form (16) is that of expanding y,y, by compo-
nents using a set of four orthogonal vectors in the center-of-mass system. We take
these vectors to be

B=p —p = (0’ 0, 217, 0),
C = pl +P2 = (07 0’ 0’ 2ZE)3
= cos O(p; — ps) — (1" — ps’) = (—2psin 6,0, 0, 0), (29)

and

X, = €0,4,8,C, .

uvop
The vector X has the property

iy - X = —iy,A1B;Cy = (iy - A)iy - B)(iy - C) v; . (30)
The gamma matrices can now be expressed as
Yo = va = (y - C)J2IE,
yi= —(y 4)[2psinb,

ys = (y * X)/8ip*E sin 6, (31)
and

ys = (y - B)/2p.

One can now proceed as in this example:

—Cysy)ysyn) = — (1/AE®)(ysiy - C)ysiy « C)
+ (1/4p? sin® O)(ysiy - A)ysiy * 4)
— (1/64p*E* sin? O)(ysiy - X)(ysiy - X)
+ (1/Ap*(ysiy - B)(ysiy * B). (32)

Using the definitions of the vectors and the relation (30) along with the invariants
in the center-of-mass system

s = 4(p* + md),
t = —2p%(1 — cos b), (33)
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and
u = —2p*1 + cos ),
one finds
(rsyu)(ysyn) = (Ust){m*(s — w)? [(N(D)] — m?@? — sy - py) + @y - p(D]
+ (s + w? [y - p2)Gy - po)]

-t — )| (v (P52 iy - ()]

— 4m? su [(y5)(ys)]}- (34)

A complete set of such relations is given in the appendix.

Expressions from (22) which contain a pair of y, factors between the same
spinors are readily reduced by the properties of the y-matrices. However the last
two terms in (22) are different. These terms such as

('}’5'}’u'}’5’)’v’)’5)('}’5%'}’5’)’/}’5), (35

can be reduced by noting that

(Y ifvr=p
YsYuVs¥v¥s = VoY if v + u where o # B and o, B # p, v. (36)

Thus one finds

(Vs YsVYs)ysyaysyvs) = 4ys)ys) — 2 Y. (yuy)(ivay.). (37

u>v

The second term is the tensor combination which can be written in the form (16)
using the results of Amati et al. [15] as given in the appendix.

E. Integration

At the conclusion of the manipulations in the last section, one has expressions
for the five amplitudes of the form

Aj e J\l dxl ‘e J’WE de Af.:i(xi A t)[x(x1 , 8, t)]—a_ (38)
Y 0

The only practical means of evaluating such multiple integrals is by Monte Carlo
methods. Unfortunately the integrands generally are not very smooth functions
so it is desirable to optimize the procedure beyond simple random sampling over
the region of integration.
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In order to improve on the Monte Carlo method, we have first made the follow-
ing change of variable:
X, = yi/"’

Xy = x1(1 — yt/t»- D),

X3 = Xp(l — yp)t/" 2,

Xp = xn—l(l - yn)a

so that each of the new variables runs over the range zero-to-one and we have
divided the resulting hypercubic integration region into a set of hypercubes of
equal volume. We then deal with each hypercube individually. Thus if there are n
integration variables and each dimension is divided into m units, there will be m®
such cubes. The Monte Carlo method is then applied to each cube so that the
total estimated error is minimized subject to the condition that the total number
of trials is fixed at N. ,

If o; denotes the estimated standard deviation in the i-th cube in which N;
samples are taken, then

o = (% 12 ~(% 1) J) Ve == G (9)

For a well-behaved integrand, the rate of convergence of the Monte Carlo method
is proportional to N}'%. The error estimate is

mﬂ

(Error)? = Y o2/N,. (40)

i=1
Thus in order to minimize the error subject to the condition that N = 3" N, is
fixed, it must be the case that
N i oC g;. (41)

Accordingly we have adopted the following procedure:

(a) Divide the region into m™ hypercubes.

(b) Estimate o; by using an equal number of samples in each hypercube.

(c) Integrate each hypercube independently by the Monte Carlo method
using N; « o, and add the results appropriately.

This procedure may be iterated as many times as needed to obtain the desired
precision. Generally it is found that this method is superior to the straightforward
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Monte Carlo method because relatively few of the hypercubes give a major
contribution to the error.

Another problem is that presented by the unitary cuts arising at the elastic
threshold for the graphs of Figs. 1(e) and 1(f). As a function of s, the amplitudes
for these graphs have cuts for s > 4m? and this makes the evaluation of the
amplitudes difficult due to the singularity of the integrand. In order to handle
this problem we evaluate the amplitudes off the axis by changing s to s + i and
then attempting to extrapolate to e = 0.

The quantity y appearing in the integrand is linear in s and it can vanish, thus
producing the singularity and the cut. Writing x as

X = h(x;) + sg(xy), 42

and introducing s — s - ie, the real part of the amplitude 4; of (38) becomes

. 3 __ 3 262
Re 4, = lim [ dx, 4 be — 3xg2)22]2 +)gx2ge — P *3)
The integral is now well defined for € > 0 and the only question remaining is
that of investigating numerically the behavior as a function of e to determine
whether or not the extrapolation to € = 0 is feasible.

These methods may satisfactorily provide the full amplitudes but in order to
properly evaluate the results, the contributions to the partial-wave amplitudes
are required. Therefore one needs a partial-wave projection which will require
an additional integration over angle. Furthermore, the five amplitudes must be
combined appropriately to describe transitions among the usual states.

The A; coefficients can be related to the F; coefficients of Goldberger, Grisaru,
McDowell, and Wong [16] where the F; coefficients are defined by

F:FI(S—§)+F2(T+ T)+F3(A~A)+F4(V+ V)‘f“Fs(P—P)- (44)

Details are given in the Appendix.
In terms of the F; coefficients, the partial-wave projection of the singlet amplitude
is

hy = % fl_l d(cos 6) P;(cos 8) _817 {(E? 4 m?) F; — 2p*F, cos 0
— (3E* + 3m® + p*) F3 + p°Fs}. (45)
h; is related to the singlet phase shift by
h; = (E/2imp)(e?®s — 1). (46)

The results for the other amplitudes are given in the Appendix.
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In order to compute A; it is efficient to combine the integrands for the F; ampli-
tudes according to (45) and then integrate them all at once. It should be expected
that the accuracy with which a given partial-wave amplitude can be found will
decrease with increasing J since the magnitude of the partial-wave amplitudes
decreases with increasing J while the error remains fixed.

Two methods have been used to carry out the partial-wave projections. For
cases in which the estimated error of the full amplitudes was less than about 1 %,
the integrals over angle were carried out by Gaussian quadrature. In cases of
limited accuracy a useful procedure was found to be that of taking appropriate
sums of the full amplitude evaluated at definite values of cos §. For example, if
one needs the / = 1 part of

f@) = fo + 31Pi(2) + 5>Po(2) + TfsPy(2) + -, (47)
then
J1 22 [f(z5) — f(—23)]/6Py(25), 43)
where Py(d4-z5) = 0.

F. Other Graphs

The methods discussed are readily applicable to those graphs of Fig. 1(e)-(h).
The graphs of Fig. 1(i) and (j) are somewhat different and they present other
problems as regards the spinor algebra. Using the procedure indicated earlier,
the “basic term” for these graphs is

UyysS2rysSyysS2gy sttty s<2 4Y5Us - 49)

Following the substitution procedure, the integrand will be of the form

yys[€] v5[82:] v5192s] ystilays[Q4] ysu: X3

+ Yu Yu Qy Q, Lx7%2

+ v 2 v 2, Qx7%2

+ Yu £, Q, Yu Q14x7%2

+ 2 Yu 2, ey 22

+ 2 v 8 Yau Q04x 732

+ 2 £, Yu Yu Qux2

RaR PR R v 198235 7/2

+ Yu Yy Yu Yo 2,580 2ax /2

+ % o n Yu £14205x7/2. (50)

Since an even number of y;’s occur between pairs of spinors, all y4’s can be
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eliminated in favor of some changes of sign. Consequently, terms of the form
uyy;[factor containing 0 or 2y,’s] ysiyiiays 82451, (51

can readily be reduced to

i [Aiy - po + Bl wyiiy[Ciy - py + Bl u, . (52)
Terms of the form
uyyslfactor containing 1y,] ysuilay sy, ysits » (53)
can be written as
Aty aniigy,us

+ Bityiy © pothyilsly - pitly

+ Ciyiy - powniaits

+ Duyususiy - pyity

+ EityhilgUp

+ Fuyy,iy * pothilsy s - (54)
All terms except that with coefficient F are in the standard form (16) and it can be

handled as indicated in the appendix.
Finally the last three terms of (50) can be reduced to

Uy Yyl Uy (55)

and the reduction is complete.

The graphs of Fig. 1(a)-(d) are of a different character from those already
discussed in that they result from the A¢* interaction. The graph of Fig. 1(a) is
easily handled using the technique of Anderson, Gupta, and Huschilt [17]. The
result is

2z 4 kx
2z — kx

B _1 m? 1 p3(l — x)
F=—3Ne zx [/ dx In (

- )]2 Tuggg,.  (56)

where k = v/—t and z = [1®x + m*(1 — x)* 4 k*x%/4]*/2. Since only one inte-
gration is required, this amplitude is easily computed with sufficient precision to
allow projection of the required partial waves.

The other graphs containing the A¢? interaction are more difficult, partly
because they must be renormalized. Consider the graphs of Fig. 5. The graph
of Fig. 5(a) requires a renormalization due to the internal loop. The procedure
for such a renormalization requires that the loop shown in Fig. 6 be subtracted
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so that it gives no contribution at the symmetry point s = ¢t = u = 4/3u® Here
s, t, and u are taken as if the loop in Fig. 6 were external, that is s = —(k; + k3)?
Consequently, the amplitude for Fig. 5(a) is renormalized by subtracting the
amplitude for Fig. 5(b) evaluated at Q% = —4/3u?, treating Q as an external
momentum. The graph of Fig. 5(c) must also be evaluated and comparing it with

PPk I T
. , ——t—
\ i i ! N ’
A Jurtersd Y Jklepel) k\‘\‘x’/k“(p"p‘l)
\ bt S V! va >
Lo =gy jes Sy { 7
| S kol JiHpie
Y LI VPR A TII
~(p- pph), S
sf 3 zpzl‘ 3 st s oarp)
H 1 T \ Z A
-] r . U ] (]
B Py B B By B B Rk O

{) (] ()
F1G. 5. Graphs used for the A renormalization.

Fig. 5(b), it is clear that (c) is given from (b) using @ = p, — p,". The remaining
graph of Fig. 1(d) is related by crossing symmetry to that of Fig. 5(a). That is,
upon the interchange p, <= —p,’ or, equivalently, s < u plus changes of sign of
the coefficients 4, and 4, in (16), the amplitude for Fig. 5(a) is changed to that
for Fig. 1(d).
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- 2 ~

FiG. 6. Internal loop.

The amplitude for the graph of Fig. 5(a) is
a@yysliy - (py — ki) — m] vsuy
3 [(pr — k)? + m®)[ky? -+ p?]
% yys[iy - (pa — ka) — m] ysuy
[(ky — (p1 — PV -+ p2l(ky + kg + kg)® + p?llky® 4 p?]
1
" WPz — koP + millks® + 1710 — (P2 — ) + #1°

Assigning the Feynman parameters in the order of appearance of the propagators
in (57) so that the first has a coefficient x; , the second (xs — x;), etc., and assigning
the momenta P%, the results of Table II are found.

Fo = 2igt)2/nS f dheyded

(57
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TABLE 11

Parameters associated with the graphs considered for the renormalization

i 1 2 3 4 5%
C; X7 Xy — X3 X5 — Xg i—x X3 — X5
Oi —1 0 —1 0 0
Oiz 0 0 0 0 1
Oia 0 —1 0 —1 0
P P P = P2 — py 0

The parameters occurring in the expression (9) for y are

Ay = x4, Ay = x4 — x5,
Ay = X3 — X5, Asy = X4 — X5,

Ay = x4 — X5 + 1 — x5, Ay = X4 — X5,

By, = —x7p1 — (x5 — xg)(p1 — P1')s (58)

By = —(xy — x3) pp — (1 — x1)(ps — p2),
and
C=p2(x3—x;+ 1 —x5) — t(xs — x5 -+ 1 — x).

Following Chisholm’s method, we find

Fe = 2¢*N/m f dx ity 82,y sty sS2qy suax 2

+ yysYuysthiaYsy.Ysuefiax 1} (59)

Noting the form of £, from (11), it is apparent that by use of the Dirac equation
we can write

F* = Alityuiiauy) -+ Bliiyiy - pathilaly « pytts]
+ Clityiy * pautyitstis] + Dlilyutyiloly - paits]
+ Efuyy,iniiyy,us]. (60)

Considering the graph of Fig. 5(c), which is equivalent to that of Fig. 5(b),
it is seen that its amplitude will contribute only a coefficient to the “scalar” spinor
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combination i,uii,u, . Consequently, only one of the terms of (60) requires
renormalization. This renormalization is conveniently done by evaluating the
amplitude of Fig. 5(b) in a manner parallel to that used for Fig. 5(a). The only
difference is that the momentum @ is treated as an external momentum so that
there are five P¥’s rather than four. The associated parameters are also given in
Table II. The parameters needed for forming y are the same as in (58) except that
now

A11:x5’ AU:O (l#])’
Az =1 — x5, B, = (x4 — x5)Q, (61)
and

C = pi(x3 — X7 + 1 — x) — t(x5 — Xg + 1 — x1) + Q%x, — x5).

Equation (59) holds equally well for F® except for the changes in y, £;, and £;; .
Evaluating the required expression it is found that £% = 0 and that Q does not
appear in the numerator. In fact, this contributes only to the scalar amplitude
and F® can be written as

o X(Xy — X3)
Fo = 2m2gM\e/m? ity ity f dx; #;3—)3;2— (62)

The renormalized amplitude for the graph of Fig. 5(a) is
R* = F* — FYQ? = —4/3p, (63)
and that for Fig. 5(c) is
Fgt = FYQ* = —1) — FY(Q* = —4/3;). (64)
Finally the amplitude for the remaining graph of Fig. 1(d) is
F = Fp¥(with s 2 u plus a sign change of A, and A4,). (65)

Since F* and F® are evaluated using the same assignments of Feynman parameters,
the required renormalizations can be done by simply subtracting the integrands.

The integrands for these graphs contain not only the singularity requiring
renormalization but also boundary singularities which occur when some combina-
tions of the Feynman approach their extreme values. These singularities are
integrable but some are too severe to be handled by Monte Carlo methods. In
order to control this situation, we have made a change of variable suited to handle
integrals of the type

1 dx
f o vVx(1 — x) (66)

581/10/3-14
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This integral has integrable singularities at the end points and it is unsuitable for
Monte Carlo integration. To correct this we seek a new variable y such that

Wx =0 =0, (@x/ay)x = 0) =0,
and 67N
yx=1)=1, (exfoy}(x = 1) = 0.

The derivative conditions are satisfied if
oxfoy ~y(1 —y), or  x~y}2—y¥3. (68)
The other conditions then imply
x = 3y — 2)8, (69)

Now as y— 0, x(y) — 3p? and the integrand approaches a constant. Similarly
for y — 1. In the same manner one could use

ox[oy = y*(1 — y)?, (70)
giving
x = 10y® — 15y* 4 6)°.

This method is applied by making the same transformation on all the Feynman
parameters independently and it results in a smoothing of the integrand in spite
of the fact that the singularities are not exactly of the form (66).

G. Branch Cut Singularity

The amplitude for the graph of Fig. 3 has a branch cut as a function of the
energy variable s beginning at the elastic threshold. Earlier we described the
s —> § - ie method of handling this difficulty. However, it is found that a more
powerful technique is required to obtain results of reasonable accuracy. The
branch cut appears in the Feynman parametric integral as a pole in the integrand
and after the substitution s — s + ie there remains a large ridge in the integrand
making numerical integration difficult.

The denominator is of the form x® so that there is a singularity at y = 0. Now x
is quadratic in x, , so that we can write

X = axl2 + bxl —+ c, (71)

where a, b, and ¢ are functions of the remaining x; as well as s and .
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Since y is to the third power, the sign of the integrand is different on opposite
sides of the singular hypersurface y = 0. We want to exploit this fact by employing
a procedure which, upon encountering a point near the singular surface, averages
with the resulting value, the value of opposite sign taken from the “other side”
of the surface. Great care must be taken to assure that the method of finding
the opposite point is symmetric. That is, there must be a one-to-one correspondence
between the points. Our procedure is as follows:

(@) Choose a random number vector (X, , X; »..., X7).

(b) Taking x, through x, as fixed, solve y = 0 giving either 2 or O real roots.
(c) 1If the roots are complex, proceed in the usual way.

(d) If the roots are real, find the one closer to x; and call it Root 1.

(¢) Find the point on the opposite side of the y = 0 surface by
xlf = x1 + 2(R00t 1 - xl).

£ NP TN S FONINP D BN SO, ¢ LIV 0 ~d .. f

and proceed in the usual way.

(g) Check to see if x;” is closer to Root 1 than to the other root. If not,
disregard x,” and proceed in the usual way.

(h) Evaluate the integrand at the two points (x; , X; ..., X;) and (x,%, X, ,..., X;)
and average the results.

This procedure has been used in conjunction with the transformation of (69)
for boundary singularities. This requires that the contribution from (x/7, x, ,..., x;)
be weighted according to the changed Jacobian since the Jacobian depends on x; .
In order to do this, it is necessary to solve the cubic equation (69) for y.

H. Isospin

Up to this point nothing has been said concerning the isospin structure of the
amplitudes. Each graph gives a possibly different contribution to the isospin 0
and 1 states of the two nucleons. The interaction Hamiltonian with full isospin
structure is

I = 8,i(Aw)' 2 gNysm:Np; + 4881 + 8.8, + 8:05) hidbshrh,.  (72)

The isospin wavefunctions in terms of the individual particle states is shown
in Table III. Using this information one finds that the isospin factor, for example,
for the graph of Fig. 1(e) in the I = 1, I, = 1 state is

2 X+"Olrerimie] x4(1) x4 @lrirmal x4(2). (73)

ijk
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For the I = 0, I, = O state the result is
5 2 DS Olremsmed x+(1) X-"@remsmel x-(2)
+ x-"Olrirmed x-(D) x Qlririmi] x4(2)
— X+ (Drimime] x-(1) x-'Q)lrersmie] x4(2)
= x-'Wrirsmi] x+(1) X" Qrimime] x-(2)]. (74)

The factors for the graphs of Fig. 1(f)-(h) are similar except for the ordering of
the indices on the second set of 7’s.

TABLE IIL

Isospin states where 1 or 2 labels the two particles and where
x+ = @and x_ =

1 I, Xtotal

1 1 x+(Dx+(2)

1 0 1/v 200 (Dx-(2 + x-(Dx:(2)

1 —1 x-(Dx-(2)

0 0 v 20,(Dx2) — x-(Dx4+(2)
TABLE 1V

Isospin factors associated with the graphs

Figure I1=1 I=0
1(a) 15 15
1(b) 75 75
1(c) 75 75
1(d) 75 75
1(e) 1 27
1(f) 5 9
1(g) -7 —3
1(h) 13 —15
13) 11 3

1(») 7 15
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For the graphs of Fig. 1(i) and (j), the combinations of 7’s occurring in the
brackets become

[riryryridy [7y7e)e and  [rmem]y [mersle,  respectively. )
The graph of Fig. 1(a) gives an isospin factor of
[rimsh [reride (840 + 8:ds1 -+ 844858), (76)
while the remaining graphs of Fig. (b)-(d) give
[rersh [remide (Bisdmn + imBin + 80n0ms) X (Buidmn + Sumbin + Sendmi)-  (77)

Evaluating all these expressions, the results of Table IV are found.

III. RESULTS

Evaluation of the sixth-order ladder graph of Fig. 1(¢) by the techniques
described requires an extrapolation to e = 0. An example of this extrapolation
is shown in Fig. 7. One sees that this extrapolation is very uncertain and it is

T T T T [ T T T T T T T T T T
1 /‘/_
-2 .
ng - -
b 3 = -
o
F4 r ~
& -3 -
L 1 .
SO
B 100 MeV =
_4_. II -
Y/ /A T Y SO YU SN TN DU W T SN S T S
0.0 O.t 0.2 0.3

Fic. 7. Example of the extrapolation for the case of the sixth-order ladder graph in the 1S,
state. The - and X represent results of the first and second iterations.
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suited only for order of magnitude estimates. Consequently we have used the
results of a calculation in which the Bethe-Salpeter equation is iterated [18] to
find the ladder graph amplitudes. We can give only the 1S, and 2P, amplitudes.
The ¢ = 0 point of Fig. 7 is provided by the Bethe-Salpeter calculation.

For the graph of Fig. 1(f) the extrapolation is much better as demonstrated by
Fig. 8. Still a precision of no more than 10 9 can be achieved so that the extraction
of partial-wave amplitudes will be limited.
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Fic. 8. Example of the extrapolation of the dominant part of the full amplitude of a singular
sixth-order graph. The - and x represent results of the first and second iteration.

It is important to note that any reducible graph (graph with a two particle cut),
including 1(f), can be calculated by putting the irreducible parts into a Bethe-
Salpeter kernel [20].

The graphs of Fig. 1(b)-(d) have integrable singularities at some boundaries
and a prescription for improving this situation was described in the last section.
The results of this modification are such that for the graph of Fig. 1(b) a great
improvement is realized. This is shown in Table V.

We have found that in order to produce usable partial-wave amplitudes through
G waves, it is necessary that the error in the full amplitude will be less than 1 9.
This is am empirical conclusion based on the observation of the stability of the
partial-wave amplitudes while increasing the number of Monte Carlo points.

The procedure of dividing the region into hypercubes and assigning the number
of Monte Carlo points according to the relative error is found to be valuable.
Typically, for the suitable cases, it is found that the error estimate for the ampli-
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TABLE V

Effects of the transformation used for integrable boundary singularities

Transformation Error estimate
xX=y 24%,
x =32 —2)° 3.6%
x = 10p® — 154 + 6)% 3.0%

tudes improves by better than a factor of two upon going to the second iteration.
This contrasts with the expected improvement of a factor of +/2 for the usual
Monte Carlo doubling of the number of points. However, this procedure takes
up time that could be used for the usual method so that it must be fairly effective
to merit its use. For smoother integrands such a procedure is not efficient since
its effect is that of nearly maintaining the already smooth distribution.

In order to extract the real part of the amplitude for the graph of Fig. 3, we
have used s — s + ie and sampled on either side of the singular surface. This
method of dealing with the singular surface has given a great improvement over
the s — s 4 ie method, especially when used in conjunction with the method of
hypercubes discussed in the last paragraph. It would not have been practical
to attempt to evaluate such an integral without some such method for dealing
with the integrand with such large peaks. Still we have only been able to extract
useful information for the J = 0, 1, and 2 cases.

The numerical results of this calculation are given in Tables VI-VIIL. The
units are such thatm =# = ¢ = 1. E = Vp?* + m? and (p/m)® = E, /2m. Tt is
important to note that a factor 2 due to the Pauli principle is not included in the
tabulated numbers. As an example of conversion to move standard quantities,
we convert the results of Ref. [18] to the results tabulated in Table VII
(Ep 45 = 100 MeV) for the 1S, case. In this paper, Table VII gives for OPE 4 Box
graph,

Re Ay(1S,) = —0.0947 g2 + 0.0250 g* + ---,

which does not include a factor 2 due to the Pauli principle. In reference 18, in
Table VIII for the 15 X 15 mesh, 1S, state,

tan 8(1S,) = —0.04263 g2 + 0.0126 g* + ---.

In reference 18, we used a g2 such that g%/4= = 14, and in the present we use a g*
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TABLE

Values of the real parts of

OPE BOX X-BOX 1(a) 1(b) 1(c)
15, —.798x 1071 251 %107 3741070 —.469x10° —.41x10° —.17x10
3P, 798 x 1071 J71x107F —238%10°2  —.190x 107! S54x1070 —36x107t
P, —.382x1071 236x102 —117x10*  —.231x107! 50x10° —.67x1071
P, —.463x 10" 124 %102 I57x107% —.210x1071 S2x1071 —.54 <107t
38, —.798 x 107! 202100 —247x10t  —.469 x10° —.41x10° —.17x 10!
3D, —.208x 10t  —-799x10%  —.362x10—¢  —.190x10~? .64x10-2  —.45x10-?
€ 835%10* —379x10%  —.398x10°® .635x10-° 61075 —21x10°
D, 428 x10-2 269104 142%10-% —.208x10-? 68x1072 —.54%x 10"
D, 294 %1071 535x10 —.660x10* —.202x1072 67x1072 —51x10?
P, 416% 102 594 % 10-3 140x10* 251 x107! 48x10  —73x107
3K, A35x102 —.272%10-% 901x10-%  —.216 %1073 9x10-3 —.5x10-2
€ —.689x107%  —.144x 10~ 154 x10 211 x1078 —.4x10-° —.7x10™4
F, —.461x107 273x10*  —.864x10-°  —.232x107? 9x1073 —.6x1073
3F, —.284 %102 541 <1075 23 x10-t —.228 %103 9%10-3 —.5%x10°®
3Dy —.289 %102 383x10% —.767x10*  —.221x10-* TIx1073 —.6x10%
3G, —.102x102 —307x107 —.709x10*  —.278x10™* Ax1073 —.6x10~*
€ 650x10-2 —100x10*  —.662x10-* 134 x10-7 —.4x10-7 —4x10-3
1G, 571 %1078 388 x10-° A70x100 —.295x 104 1x1073 —.7x10*
3Gy .280x 102 567x10% —897x10°%  —.291x10-* Ax10-3 —.7x10*
*F, 264 % 10-3 428 % 10-3 A33x10* —.244x 1073 9x10-3 —.6x10°3
®H, 969 %10~ 266 1077 161x10-%  —-.390x10-° 2x1074 —.8x107%
€ —747x10-  —.116x107° .108 108 A15%x10°8 —4x10°8 —4x10-%
1H, —.652x10-2 486x10-%  —.132x10-®  —.410x10-° 2% 104 —.9x%x10-3
°H, —.326x10-® .829 <107 A97x10-%  —.406 x 103 2x1074 —.9x10-5
3Gs —.238 %1072 459107 —.954x10%  —.309x10-* Ax10-3 —.7x107*
%, —.896x 104 S95x1077 —.137x107  —.120x 1075 3x10°8 —.1x10-%
€ 812x10® —.126x10°®*  —.751x10°® 116 x107° —.5x107° —.4x10-7

No. of
Points 1 108 10° 102 108 108
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Vi
the & functions at 50 MeV

1(d) 1) 1) 1(g) () 1) 1()
—.20x 10t —.53x10-? J1x107 32x1072 15%x1072 —.14x101 —.39x10*
—.65x101 44103 — —.12x 1072 29 x10-3 95x10-%  —.15x10-2
—.68 % 10 — — —97x10*  —32x10* —-20x10®* —23%10®
—.64 107! — — S1x107  —49x10-% —45x10-* —.12x10-®
—.20%10* — — —.39%1073 44x107° —41x102  —.82x107
—.53 %1072 — — —14x107% —19x10% —15x10* —19x10-®

201072 — — A3x10-® 38x107% —29x10-¢ A3x10-8
—.55%10"2 — — —.31x10-5 A7x107% —81x10~¢  —85x10~4
—.54x102 — — A9 x10-8 33x107% 0 —19%x10¢ —.18x10°®
— 78 x 107t — — —-83x10%  —13x10"* —11x102 —11x]0~2

—.5x1072 — — —.6x1077 4x1077  —78x107®  —96x10-%

610 — — 36%x 1078 —.24x107% —.1x10-® —8x10-¢

—.6x103 — — —.5%x1077 —8x1077 —2x10"%  —21x10-*

—.6x10°® — — 5% 10°8 —.1Ix10%  —88x10-% —97x10-®

—.6%x 1072 — — 3x107? —2x10-%  —26x10-* —.19x10-3

—7x10* — — —.8x10°° —.1x10-* —3x10¢  —27x10-®

—4x10°® — — S5x1077 dx10-8 —.1x1077 1x10-¢

—.7x10¢ — —_ —5x107 3x1078 —.1x10-® —.1x10-®
—.7x10* — — 3x10°8 5x10-¢8 —.3x10-¢ —.3x10°%
—.6x10-3 — — 3x107° Ax10-8 —1x10* —.1x10-*
—.9x%x10® — — —.8x 1071 Sx 10~ —.1x10-* —.2%x10-8
—.4x10-¢ — — 61078 —4x10-8 —.3x10-8 4x1078
—.9x%x10°8 — — —.1x10° —.2x10-? —4x10-7 —-.4x10-¢
—9x107® — — 41072 —2x107® —.1x10-¢ —.2x10-®
—.7x104 —_ — 11071 —.1x10-® —.3x10-¢ —.3x10"®

11 — Ay 11

108 — 107 10% 10 10 10°
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TABLE

Values of the real parts of

OPE BOX X-BOX 1(2) 1(b) 1()
1S, —.947x107 250 % 107 322%1070 - 420<10° —.50x10°  —.16x10t
3p, 947 x10- 530x107  —499x10-2  —259x10-! J0x10  —42x10-
P, —.331x10 309%102  —.177x102  —.331x10-! 61x10  —98x10-
P, —.529%10 169 x 10~ 800x10°  —.295x10-1 65x1070  —76x107
38,  —.947x10- 190x10°  —235x10t  —420x10°  —.50x10°  —.16x10
D, —.308x107 —229%102  —.615x10%  —.422x10-2 A3X107T —99x 10~

o 904x10  —508x10*  —733x10°® 22010~ 3x107  —38x10-2
D,  476x107 570 x 10~ 336x10°  —.472x10"2 14x100 —13x10
D,  404x10 J106x102  —.146x103  —.453x10-2 14x107 —12x 107
%P, 617107 899 % 10-3 203x102  —.367x10- 56107 —.11x10°
’F, 253%10-F  —.176 x 10-4 295x10%  —.751x10-2 28x107  —.18x10°?

@  —.892x10  —258x10- 430x 10 J19x10-5  —2x10°  —2x10
F, —.657x10~ 880x 104  —317x10%  —818x10-3 Ix107 —.2x10°
F,  —.480x10-2 161 x 104 A442%10  —.800x10-3 3x107 —.2x10
D, —.542x10- 896x10°  —.183x10°  —.509x10-2 14X10°0 —14x10
G, —.242x107° —160x10-*  —375x10°  —.148x10-? 6x107%  —3x10®

@ 104%107t  —260x10°*  —.283x10° 118x10®  —.3x10*  —.2x10°*
1G, 104 %10~ 188 1075 96410  —.159x10°3 Ix10° —4x10°
3G, 5891072 256%10%  —502%10%  —.157x10-3 6x107  —4x107
3, 6271073 154 %10~ A493% 107+ —873x10-3 3x10  —.2x10°
'H, 293x10-%  —.196x 10-¢ A33x105 —314x10-4 Ax10%  —7x10-

e —.149%10  —453x10-¢ 696 x 10-8 A57%10-7  —6x107  —.3x10-¢
H, —.152x10~ 353x10°5  —116x10-5  —.336x 10~ Ax107  —.8x10¢
H, —.863x10- 568 x 10~ 170%107  —.332%10-4 Ax10%  —8x10-
G, —.719%107 252x104  —549%10°  —.169x 10~ Ix10% —.4x1070
A, —345%10° —167x10°  —175x 10 —.758x 10~ 3x10%  —2x10-

& 205107 —756x10~®  —.734x 10~ 247%10  —1x107  —4x10-

No. of
Points 1 10° 108 102 108 108
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VII
the A functions at 100 MeV.

1(d) 1© 10 1(g) 1(h) 1() 1y
—.18x10* —.50%x102 9.5x 102 .38 %1072 .92 10-% —11x10* —.37x10
—.96x10? .68x10-2 — —.23x10-2 53x1073 24x102 —.24x102
—.10x10° — — —.18x10% —.62x107* —23x10% —33x107*
—.93x102 — — 98 x10-2 —.94x107 A46x10-  —18x10-2
—.18 x10* — — —.42x10-3 .97 x 104 —.34x102 —.79x107*
—.12x 1071 — — —.5x107 —.6x10°% —2x10t  —38x10-®

37x1072 — — 25 10-2 74 x 1073 —.5x10 .26 x10-*
—.13x101 — — —1x10 .5x10-® —.16x10% —.17x10"%
—.13x10™ — — 6108 dx104 —4x10"t —37x10°®
—-.12x10° — — —.2x10* —.3x10 —.16x10%  —.16x10?
—.20x10-2 — — —3x10-¢ 2x10-¢ —.2x10-¢ —.3x10*

2x107® — — Ix104 —.8x 1073 —4x107° 2x 1078
—.2x102 — — —3x10-® —~.5x 10-¢ —.8x10-° —.6x104
—.2x107? — — 9 x 10t —.6x10°¢ —.3x10 —.3x10*
—.14 %101 — — 8x10-7 —.8x10°¢ —.6x107t —38x%x10°®
—.4x10-2 — — —.8x10-® —.1x1077 —.1x10-8 —.1x10¢

2x107 — — 3x10-¢ 6x10-¢ —~.5%1077 3x10-¢
—4x1072 — — —.5x107 3x107? —.6x107% —.5%x107®
—4x107? — — 3x1077 5x107° —.2x10-8 —.1x10-*
—.2x107? — — —.4x10-® A x1077 —.3x10-* ~.3x10¢
—.8x10¢ — — —.1x107 9x10-° —.1x107® —.1x10°3

.3x10-5 — — Sx10-7 —.4x1077 —.2x1077 2x1077
—.8x10-4 — — —.2x10-® —.4x10°¢ —.3x10-8 —.2x10°8
—.8x 10 — — 61078 —.4x10°* —~. 1 x10-® —.1x10°®
—4x1073 — — —6x10®  —1x10®  —2x10°  —.1x10~*
—2x10-* — — —~.5x 1071 —.9x1071 —.6Xx1077 —.5x10°¢

4x10-¢ — — 2x1072 4x1078 —.6x107* 6x10-®

108 — 107 108 10° ' 108 108
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TABLE

Values of the real parts of

OP BOX X-BOX 1(a) 1(b) 1(c)
18, —.106 x 10 244 x 1071 248 x 10 —.360x 10 —.58x10° —.14 x10*
P, 106100 683 x 1072 —.997x 102 —.297x 101 J9%1071 —.31x1071
P, —.255x101 345102 —.238x10°2 —.416x 107 S9x 10t —.13x10°
P, — 71x107 206 % 102 276 x 1073 —.356x 1071 .69x 107! ~.90x107?
35, —.106 % 10° 75 %100 —.223x 107! —.360x 10° —.58x10° —.14 %10
D, —.402x10 ~.490x 102 —.364x 10 —.745%x 1072 20107t —.17x107?
€ 928 <107 —.603x10-2 —.131x10°2 709 x 104 dx1072 —.66x1072
1D, 441 x 1072 A02% 1073 644 % 10-3 —.863x10-2 21101 —.24x 1072
*D, 490 x 107! 173 x10-2 —.246x 1073 —.817x 10 21 %1071 —.22x10!
P, .803 x 102 JA21 <102 254 x107® —475%x 101 49107 —15x10°
°F, 388 x 102 —.536x10-* 640 % 10~ —.191x10-2 62%102 —.45%10"%
€ —.102x10! —.344 <10 106 %103 573 %1078 —.5x10"® —.5x107?
F,  —.732x107? 223 x10°° —.871 x 10~ —.214x102 68102 —.56x10-2
%F, —.668x10°2 .360 % 10—+ 116103 —.208x10-2 .66 % 10-2 —.52x 102
D, —.832x10°® 171 x 102 —.364x 1073 —.955x1072 22107 —.27x107
3Gy —.441x107 —~.739x10~* —.127x10~* —.535x 103 20102 —.12x10-?
€ 135x10~* —.427 %104 —.989x10-5 817 x10-8 —.2x10-8 —.7x10*
G, .140x 102 .664 x 10-° 375x104 —.591 %107 2x10-2 —.1x102
3Gy 953 x 10 793104 —.190x 10~ —.579%1073 2x10 —.1x10"2
3F, J14 1072 412 x 10~ JA39x10-8 —.234%x 10 I x10°2 —.6x10-?
*H, 6361072 —.156 10 .661 x10-° —.160x 1072 6x1073 —.4x10-®
€ —.227x10 —973 108 336103 154 x10-8 —.5x10-¢ —.Ix10*
H, —.245x10"* 172 %104 —.633x10-% —175%10-® JIx10-3 —4x10-3
*Hy —.163x10* 244 1078 914 x10-° —.172x107* %1078 —.4x1073
3G;  —.156x10°® 941 x 104 —.219x10-* —.640 <102 2x10-2 —.2x1072
31, —.893x10-? —.301x10-% —.125 %1078 —.506 10~ 2103 —.1x1073
€ .366 X 102 —.220x 10" —.490 %108 .342 %1077 —.1x10°® —.3x10°8

No. of
Points 1 10® 108 102 108 108




SIXTH-ORDER EFFECTS IN NUCLEON-NUCLEON SCATTERING 597

VIII
the A functions at 200 MeV.
I(d) 1(e) 1) Ke) 1(h) 1) 1(3)
—J16x10* —.46x1072 9.5x1072 49x107  —14x10*  —T71x10°2 —.34 10
—.12x10° 11x10-2 — —.45%x10-2 .95 x 103 S3x10% —.38x10-2
—.13x10° — — —35%x10*  —12x102 -—20x10% —45x10-?
—12x10° — — 19 x 102 —.18x10-? A7x107F . —26%x1072
—.16x10! — — —.47x10"*  —60x10-% —25x10* —71x10~
—.24x10! — — —.16x10t —18x10* —19x10* —77x10°®
651072 — — 47 x1073 14x1072 —99x10 46 X107
—.25x 101 — — —.29x10 A3x10¢ —29x10® —.34x10-8
—.24x1071 — — 19 x 104 20%x10¢ —55x10t —74x107®
—.16x10° — — —.46x107t —S51x10* —22x10%2 —21x10%
—.54x10-% — — —.2x10-% dx105  —.52x10+4 —.7%10-4
Sx1078 — — J4x10t —22x107 —.1x10-# .6x10-%
—.57x10 — — —.1x10°8 —2x10-* —22x10* —.16x10"®
—.56x102 — — .4x107% —.3x10~% —.7x10-¢ —.7x10~*
—28x107! — — 2x107¢ —J3x10%  —11x10% —74x10°3
—.14x10°2 — —_ —.7x1077 —.1x10-® —.5x108 —.4x10*
Ix104 — — %1078 3x10-8 —.3x10-¢ Ax10-8
—.1x10-2 — — —.4x10-¢ 2x107 —.2x10¢ —.2x104
—.1x10-2 — — 2% 10-¢ 4x10°¢ —.6x10-% —4x10
—.6x10-2 — — —.6x1077 6x10-7 —.1%x10-3 —.8x10¢
—.4x10-3 — — —.2x107 Ix1077 —.5x10-8 —.5x10°8

1x10¢ — — 4x10°8 —3x10°® —.1x10 1x10°8
—.4x103 — — —.2x1077 —.4x1077 —.2%x10°8 —.1x104
—4x10°8 — — %1077 —.5%x1077 —.6x10° —.6x10"°
—.2x10"2 — — —.2x1078 —.2x1077 —.7x10° —.4x10*
—.1x10-8 — — —.1x10-8 —.2x10°® —.5%10-* —.4x10-5

3x10-® — — .3x1077 S %1077 —.7x10°8 Sx10-7

10% 107 10 10° 108 10%
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such that g2 = 14; that is, g?/4m (reference 18) = g2 (present work). The factor
connecting the two expansions is

Re hy(1S,) — 7’% tan S(1S).

In higher orders, this last equation has to be modified to take account of the fact
that

E
2mp

Bo(LS,) Re [exp(2i8(1§'o)) —1 ] .

2i

_E . ,
= 3w sin 6(1S,) cos 6(1S,)
E tan 8(1S,)
2mp 1 + tan? 5(1Sy)
E

= s [tan (5)) — tan® (iSy) + -]

It must be remembered that the 2 in E/2mp occurs because the Pauli principle
factor 2 has not been included in Tables VI-VIII.
Using E = vV p? + m?, (p/m)? = E 45/2m, we find for E; 45 = 100 MeV,

100 MeV

2 = — T
(2Im* = 5520y viaw = 05319

so that in units such that m = 1,

E _vVpP+m _ V105319 _
2mp 2mp 21/0.05319

which agrees with the ratios (0.0947/0.04263) and (0.0250/0.0126).

The entries such as 1S, , 3S;, 3D, , 2, in Tables VI-VIII, refer to the real parts
of hy,he1, hsy, K, respectively, in an obvious way, and similarly for other
quantities.

No effort has been made to give error estimates for the individual numbers;
however, only significant figures are given so that the relative precision is easily
noted. For purposes of comparison, the second- and fourth-order results are
presented. The Pauli principle has been ignored and all graphs are taken with
g% = A = 1. All isospin factors and multiplicities have been included. To find the
relative sizes of the perturbation terms, one must note that g2 ~ 14 and that,
although A is not well determined, a calculation which fits the p resonance [7]
uses A =~ 0.1.

)
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IV. CONCLUSIONS ABOUT TECHNIQUES

In order to estimate the effects of some higher-order graphs on NN scattering
from perturbation theory, we have computed sixth-order graphs with pion exchange
as well as some graphs with a A¢* interaction. We have used various techniques
to evaluate these amplitudes. Monte Carlo integration has been employed in a
modified form to deal with integrands that are not smooth along with an extra-
polation s + ie — s + i0* for singular integrals. In addition, we have used changes
of variable suited to allow handling some integrable boundary singularities.

It is found that computation of the sixth-order contributions is rather difficult,
especially in the case of graphs which contain the unitary cut. For the ladder
graph our methods have proved inadequate so we can only take some limited
results from the Bethe-Salpeter calculation [18, 20]. The other singular graph
of Fig. I(f) is somewhat better in that we can find the full amplitude to within
about 109 using the € — 0 extrapolation. Still this allows us only to find the
lower partial waves. For this graph, the procedure used for averaging pairs of
contributions on opposite sides of the singular surface proved to be quite useful
in improving the rate of convergence. The remaining nonsingular sixth-order
graphs were evaluated using the method of dividing the region up into hypercubes
and dealing with them individually. In these cases the full amplitudes have been
found with a precision of roughly 1%, which allows a partial-wave projection with
marginal accuracy.

The amplitudes of order g*A? have been evaluated to an accuracy of about 1%.
The chief difficulties with these amplitudes are the integrable boundary singulari-
ties. These have been handled by an appropriate change of variable which suffi-
ciently weakens the singularities that the integrals can be carried out by Monte
Carlo methods.

V. DIscussioN OoF RESULTS FROM A CONVENTIONAL VIEWPOINT

The contributions to the various partial waves to the real part of the scattering
amplitude (Tables VI-VIII) of the graphs of Figs. 1(f-h), which are the three
meson exchange graphs, confirm that these contributions decrease more rapidly
than those of the two-pion exchange graphs (the fourth-order graphs and the
graphs of Figs. 1(i) and (j)).

) W P, d Qoo o DT o A TZY L F111 I I | [ Ja N Wat | 1 1.3

ATAMNTALANELE MeLLiNe A WALLILY [awa | MAANA ARAWALAL A A | WALNS UVAAVAL [y AV ] WRAVEAUMLVM WLV LLIWIVAL

exchange contributions in terms of potentials. They found that the three-meson
exchange terms decrease more rapidly with distance than the two-meson exchange
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terms, so that the above result had to be expected. This whole idea about decrease
of multiple pion exchanges with increasing L came to fruition when it was found
that the one-pion exchange terms dominate the higher partial waves [2, 12].
Since then, many attempts have been made to explain the medium partial waves
by considering two-pion exchange and including exchange of more massive
bosons [22-26].

Comparing the contributions of Figs. 1(i) and (j) with those of the fourth-order
graphs, it is apparent that they decrease with angular momentum at the same rate,
as expected. The sixth-order contributions are comparable to or larger than the
fourth-order contributions. The fears of Partovi and Lomon [26] on this point
appear quite justified. This is very nearly the result suggested by the early work
of Lévy [9], Ruderman [10}, and Klein [11] based on an approximation which
was used to generate potentials from such sixth order graphs. However, the sum
of the radiative corrections on one nucleon line give rise to the pion-nucleon
scattering amplitude [27], and Henley and Ruderman [28] have shown that higher
order corrections suppress the sixth-order result. Here phenomenological
approaches such as somehow inserting the pion-nucleon amplitude in two-pion
exchange graphs obviously suggest themselves, but the accuracy of such approaches,
which amount to summation of certain classes of diagrams, is not known and is
quite foreign to the idea that the whole series may be summed by Padé approxi-
mants.

It has already been noted by Anderson, er al. [17] that the graph of order Ag*
behaves very much like exchange of a single scalar particle. For the graphs of
order A%g* we note that they fall off with angular momentum at a rate between that
of one-pion exchange and two-pion exchange and they give mostly a spin-orbit
type contribution to the P-wave splitting.

APPENDIX

For reference purposes we will give in this appendix a fairly complete set of
relationships among this various amplitudes encountered earlier.

The invariant amplitude F is related to the S matrix element according to the
following:

S = 1+iQm)*8 (¥ pi — X ps) MNeNalF, (A1)

where N; = {[1/2m)*}(m;/ E)}*2.
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Now F can be decomposed in many ways. Amati et al. [15] have written F in
terms of perturbation invariants as
F = A;[(1), (D]
+ Al(1)y Gy - 1)z + (Fy - p2)1 (1]
+ Asl(y - pi Gy - po)el
+ Aa[(yu)r (.
+ As[(ysh (v5)el

=Y 4,P,. (A2)

The notation (X); indicates #(p,)[X] u(p;), and the A; are scalar functions of s, ¢,
and u.
Goldberger et al. [16] have introduced the reduction

F=F(S—8)+F(T+ T)+ Fd — A) + F(V + V) + F(P — P). (A3)

Here F; are scalar functions and

S = (D).,

T = Y(yuy Gyuy)e s

A = (iysy) (Bysy.de » (A%
V= (y. )1 (Va2

and

P = (ys) (¥5)2 -

The corresponding quantities with tildes are found by interchanging p," and p,’
in the spinor arguments. The necessary information relating the quantities with
tildes to the others is given in the following matrix:

S 2 1 1 0 0 s—8§
14 ~4 2 0 —2 4 B
T|=%3|-6 0 2 o0 —6 T+ T (A5)
4 0 2 0 2 0 A—4
P 0 -1 1 0 2 P—P

581/10/3-15
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The relationships among the P, and the S, T, etc., amplitudes has been given by
Amati et al. [15] as

P, =5,

e |

Py =L [—(u—s5)V — tA + 4m?P],

P,=V, (A6)
and

P, = P.

The nuclear-bar phase shifts can be written as combinations of the projections
of the five invariant scalar functions F; . Using the notation of Scotti and Wong [19]
the phase shifts are given in terms of the A functions by

hy = (E/2imp)(exp(2id,) — 1),

hyy = (E[2imp)(exp(2i85) — 1),
hy_1,; = (E[2imp)(cos(2€;) exp(2i0;4,5) — 1), (A7)
hry1,0 = (E[2imp)(cos(2e,) exp(2id,,4,7) — 1),

and
= (E/2imp) sin(2¢;) exp(id;_1,7 + 8711.5)-

Here E and p are the center-of-mass energy and momentum of one of the particles
of mass m. The A functions in terms of the Legendre projections of the F; are now

8amhy = (E* 4+ mY) F,’ — ((J+ D) Fy 4 JFY

2J + 1
— (4}22 + 2m®) F, + pF,’,

8mmhy; = (JFI™ + (J + D F + 2m?F,’

2J+1

2
+ fi - UF (DY + 28

+3 j’ T R+ G+ DR,
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2J(J + 1)

87rmh1_1_1 = — P2F1J + AT L 12 (E - m)2 Fg+l (A8)
PV E)) |
iy VR U Um0y
+2OED g gy - (mJ -+ E(J 4+ D F
@+ 1) (2J+ 0
r? J
Tt
s | 2T+ —
Sﬂmh]_},]_’,] = —pF1J+ —('i“g-q__—f—“ﬁg“ (E_"' m) f\2r '
2
F R DEF RS gy
2 2
+ _-——(ZJ§J * 1;3 (E—m' B+ e (U + Dym o JEP FY
_ P g
wrifs

and

JUF DA 2 \
Samhl — ((ZSiI;z) [ZJJr i (B0 + 1) — m'] — mE) F#*

+ 57 VE* — m3(J + 1) + mE)FI! — 6p%F,

ZJ—l-l

2 2 +1
2]Jrl(m J+ 1) — EY — mE)F!

+ 27—“ (Mm% — E*J + 1) + mE)FI™ — 2p2F5’] .

From the result of (27) it is clear that three types of terms occur which do not
readily reduce to the standard form for NN amplitudes. These are

Vsvuh (Wsyuly "p). = Z,,
Vsyudy * poh (Vs¥i): = Z,, (A9)

and

(rsyufy * pohr (vsyuly " P1)e = Z.
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The method for reduction of these forms has been given in the text and it
requires writing y,y, in terms of components. The results are the following:
2(s — 2m?)

Zi=m [ 64 04 [ 22 ]

- e [

_ [(s+u)(m2(s+u) —su)] PN
stu 2

—m [(S—u)(mz(s—l—u)—su)]],
stu 1

fom [t 00y m [ 220
—m [iz-sju—”z] Py — m? [—(i;;u“l] PN (A10)

_ [(s + w)(m*(s + u) — su)

stu ] P

(s — wW(m(s + u) — su)
- [ Stu ] P
and
Z=—m [2“?”(;_2_"‘:,)11;‘)“ 2] 6 + mQ, + mg,
o= O b [C o
(s — w)(m3(s -+ u) — su) (m*(s + u) — su)?
—}—m[ stu ]P2+[ stu ]Pl'

The quantities which appear are

O1 = ¥ysh (ysiy - (pr + p))2 s
Q2 = ¥ysiy - (s + PO (¥s)e »
G = Lysiy - (p2 + P2 (ysiy - (pr + 1)), (Al1)
Py = (iy * pa)1 (1),
and

PP = (1), (fy - pa)s »
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so that
P2:P2N+P2P.

Now G is reduced according to the expression given in the text

— (fysyur (Ysyn)s = m? [“(S—:L)z‘] Py —m [%‘2—] P,

stu
R e[
+ [
The remaining case is now
(Yuiy * Ph (Yu)e = m [u;s] Ps + [us—n:l;(u-i_S) ] PP

_W["+ﬂpf—m[”“mw‘“Wlem)

U Su

imi]6-o.

The result for the symmetric case is

(Y1 (Yudy " p1)e = m [us;s]Pa““[us_n;Z(u_S)]PzN

605

(Al12)

— me [_uis_] PP —m [su——mz(u—s) ] P, (Al4)

Su Su
+m|] -0
Su 2
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